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\  ABSTRACT 

This  is  a  review  paper  which  outlines  the  main  points  of  the  theory  of 
nonlinear  semigroups  and  evolution  governed  by  accretive  operators.  The 
subject  is  now  rather  mature,  so  most  of  the  principal  ideas  and  results  are 
not  new.  However,  the  presentation  here  is  organized  differently  from  that  in 
other  sources  and  does  touch  upon  recent  results.  An  attempt  has  been  made  to 
make  this  paper  a  pleasant  route  to  a  certain  view  of  the  subject.  This 
manuscript  represents  the  author's  contribution  to  the  proceedings  of  the 
Symposium  on  Nonlinear  Functional  Analysis  and  Applications  held  in  Berkeley 
in  July,  1983. 
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NONLINEAR  SEMIGROUPS  AND  EVOLUTION  GOVERNED  BY  ACCRETIVE  OPERATORS 

Michael  G.  Crandall 

In  this  review  article  we  will  outline  sons  of  the  main  points  of  the  theory  of 
nonlinear  semigroups  and  evolution  governed  by  accretive  operators*  As  the  subject  has 
achieved  a  certain  maturity/  most  of  the  principal  ideas  and  results  are  not  new. 
However,  the  current  presentation  is  somewhat  different  from  others  in  its  style  and 
choice  of  topics,  and  we  have  tried  to  make  it  pleasant  reading  for  newcomers  to  the 
subject.  It  does  touch  upon  some  recent  results,  and  we  hope  it  will  be  of  interest. 

The  material  is  organized  into  8  sections.  Section  1  contains  preliminaries  and 
introduces  the  subject  via  a  "generation"  theory  point  of  view.  Here  one  finds 
elementary  notions  about  semigroups,  their  generators,  strong  solutions  and  accretive 
operators.  Section  2  introduces  the  notion  of  a  "mild  solution”  of  an  abstract 
initial-value  problem,  a  notion  which  allows  a  certain  unity  and  ease  of  expression  in 
the  following  discussion  which  would  otherwise  be  severely  hampered  by  a  lack  of 
regular  solutions.  Mild  solutions  are,  roughly,  uniform  limits  of  solutions  of 
suitable  difference  approximations  of  the  problem  under  consideration.  Section  3 
presents  the  basic  convergence  results  which  state  that  if  suitable  difference 
approximations  can  be  solved,  then  their  solutions  will  converge.  These  results  lie  at 
the  heart  of  the  theory  and  provide  an  ample  supply  of  mild  solutions. 

Section  4  is  off  the  usual  track  and  presents  something  a  bit  more  novel.  Here, 
in  a  model  case,  a  relationship  between  Kato's  theory  of  quaailinear  evolution  and  the 
results  of  Section  3  is  exhibited. 

Section  5  is  also  organized  in  an  unusual  way.  Hers  we  return  to  the  generation 
question  and  explain  some  of  the  highlights  as  well  as  a  couple  of  open  problems. 

These  considerations  are  used  to  introduce  more  subtle  conditions  under  which  it  can  be 
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proved  that  there  are  solvable  difference  approximations  and  recent  remarks  by 
Kobayashi  on  the  question  of  necessary  conditions.  This  section  is  not  referred  to  in 
what  follows  it. 

In  Section  6,  at  last,  we  concede  to  the  conventional  and  discuss  the  regularity 
of  our  mild  solutions.  Here  the  standard  conditions  guaranteeing  the  differentiabilty 
of  mild  solutions  and  the  pointwise  satisfaction  of  the  equations  are  given.  This  is 
also  a  natural  place  to  describe  the  inequalities  which  Benilan  proved  uniquely 
identify  a  mild  solution  when  it  exists. 

Section  7  briefly  describes  the  most  useful  auxiliary  results  of  the  theory. 

These  results  concern  the  continuous  dependence  of  solutions  on  the  equation, 
representation  of  solutions  and  compactness  criteria  of  various  sorts. 

Few  of  the  results  stated  here  are  proved,  although  some  description  of  the  line 
of  argument  is  given  from  time  to  time.  Similarly,  we  have  omitted  all  references  in 
the  text  proper,  as  comments  as  to  who  did  what  interrupt  the  flow  and  do  not  serve  a 
browsing  reader  well.  We  partially  correct  this  in  Section  8  where  further  consents 
are  made  on  the  material  of  the  previous  sections  and  (incomplete)  references  are 
given.  Here  we  also  attempt  to  refer  to  some  of  the  current  activity  in  this  area  of 
which  we  are  aware,  but  the  field  has  become  too  vast  to  attempt  any  sort  of 

completeness  in  describing  either  the  old  or  the  new  in  an  article  of  moderate 

length.  For  example,  we  have  not  attempted  to  discuss  questions  of  asymptotic 
behaviour,  an  area  which  has  enjoyed  a  great  deal  of  relatively  recent  activity,  in  the 
text  (but  we  do  give  some  references  in  Section  8).  An  even  more  profound  omission 
concerns  applications,  which  we  at  first  thought  to  approach  somehow.  However,  this 
idea  was  abandoned  owing  to  our  inability  to  come  up  with  a  satifactory  scheme  that  was 
not  inferior  to  suggesting  the  reader  refer  to  Crandall  [26),  Evans  [43]  and  Barbu  [3] 
(in  that  order).  This  will  not  yield  an  up-to-date  view  of  the  situation,  but  it  will 

provide  some  simple  examples  and  then  an  accurate  impression  of  the  nature  and  range  of 

applications.  More  recent  references  are  given  in  Section  8. 


Zt  should  bs  msntioned  that  this  review  Is  affected  by  work  ths  author  has  dona 
with  Banilan  and  Pasy  on  ths  snail  book  [13],  which  is  in  a  stats  o£  perpetual 
preparation.  Ths  author  is  also  indebtsd  to  8.  Oharu,  X.  Pasy  and  S.  Raich  for  thsir 
cosMents  on  this  paper. 

Section  1.  Prslisdnarias 

The  origins  of  this  subject  lie  in  questions  posed  by  its  pioneers  about  the 
"generation”  of  semigroups  of  transformations .  We  adopt  this  point  of  view  as  a 
pedagogical  device,  although  a  more  "applied"  attitude  holds  sway  at  the  moment.  Thus 
we  begin  by  defining  the  class  of  semigroups  under  consideration  and  observing 
properties  which  their  "generators"  might  be  expected  to  have.  This  leads  us  naturally 
to  the  class  of  accretive  operators. 

Let  X  be  a  real  Banach  space  with  the  norm  I  1.  Ths  norm  of  the  dual  space  X*  of 
X  will  also  be  denoted  by  I  I.  If  C  is  a  subset  of  X,  a  semigroup  on  C  will  mean  a 
collection  {s(t)i  0  <  tj  of  self-maps  of  C  with  the  properties  (i)  below i 

(i)  8(0 )x  -  x  and  S(t)S(T)x  “  S(t  +  Tlx  when  0  <  t,  t  and  x  8  C. 

Mote  that  the  value  of  s(t)  at  x  e  C  is  written  8(t)x  even  if  S(t)  is  not  a  linear 
function.  A  semigroup  8  on  C  is  a  continuous  semigroup  if 

(ii)  The  mapping  [0,»)xc  3  (t,x)  ♦  S(t)x  €  C  is  continuous  when  C 
carries  the  norm  topology  of  x. 

We  are  mainly  interested  in  the  situation  in  which  the  continuity  of  S(t)x  in  the 
"state  variable”  x  is  special.  A  continuous  semigroup  8  on  C  which  satisfies 

(iii)  IS(t)x  -  S(t)y I  <  lx  -  yl  for  0  <  t  and  x,  y  8  C, 

is  said  to  be  nonexpans ive  or  a  semigroup  of  contractions.  More  generally,  if  there  is 
a  number  u  such  that 

(iv)  IS(t)x  -  S(t)yl  <  e^lx  -  yl  for  0  <  t  and  x,  y  8  C, 

then  we  say  that  8  is  a  cuasicontr active  (of  type  u)  semigroup  on  C.  Of  course,  if 
either  (iii)  or  (iv)  hold,  then  8  is  continuous  as  soon  as  t  ♦  S(t)x  is  continuous  for 


The  notion  of  a  semigroup  is  an  abstraction  of  the  notion  of  a  uniquely  solvable 


initial-value  problem  of  the  form 

(IVP) 


du 

dt 


+  Au 


0, 


u(0 )  -  x, 

where  A  is  a  (nonlinear)  operator  A:D(A)  C.  X  +  X.  If  for  each  x  8  C  (IVP)  has  a  unique 
solution  (in  some  sensei)  u(t)  on  (0,“),  then  putting  S(t)x  *  u(t)  should  define  a 
semigroup  on  C.  Further  properties  of  the  semigroup  should  correspond  to  further 
properties  of  the  operator  A  and  the  notion  of  solution  involved,  and  ways  of  relating 
semigroups  and  initial-value  problems  (or  related  objects)  we  will  refer  to  here  as 
"generation  theory". 

The  most  obvious  way  to  attempt  to  associate  an  initial-value  problem  (IVP)  with  a 
semigroup  s  on  C  is  to  compute  the  operator 


A  x  -  lim 
S  t+o 

whose  domain  D(Ag)  is  the  set  of  x  8  C  such  that  the  limit  exists,  and  then  hope 
"solving"  (IVP)  with  A  *>  As  will  return  S.  The  operator  -Ag  is  called  the 
Infinitesimal  generator  of  S.  Let  us  see  how  the  quaslcontractive  property  (iv)  of  a 
semigroup  S  would  be  reflected  in  its  infinitesimal  generator.  If  S  satisfies  (iv), 
then  for  0  <  X,  t 


lx-x+l((*~  °(t-y)  -<X  ~-S^t)x>)l  >  (H~)lx  -  xl  -  £lS(t)x  -  S(t)xl 

>  (1+1(1  -  e^l/t)  lx  -  xl 

so  if  x,  x  are  in  D(Ag)  we  may  pass  to  the  limit  to  find  that 

lx  -  x  +  X(Agx  -  Agx)l  >  (1  -  Xu)  lx  -  xl  for  x,  x  e  D(Ag). 

We  will  refer  to  this  property  by  saying  that  Ag  +  ml  is  accretive.  More  precisely,  if 
A  is  an  operator  then  A  +  ul  is  accretive  if 

(1.1)  lx  -  x  +  X(Ax  -  Ax) I  >  (1  -  Xu)lx  -  xl  for  x,  x  e  D(A)  and  X  >  0. 

In  the  special  case  that  A  +  01  is  accretive  we  simply  say  that  A  is  accretive.  (There 
is  a  little  subtlety  here,  and  we  leave  it  to  the  reader  to  check  that  A  +  wl  is 


accretive  If  and  only  if  A  +  wl  la  accretive.)  It  follows  fro*  tha  abova  remarks  that 
If  8  la  a  ■ ami  group  of  contractions,  than  As  la  accratlva. 

If  I  •  x  •  x  and  w  »  Ax  -  Ax  and  u  ■  0,  than  (1.1)  can  ba  writtan  aa 


0  <  [s,w]^  for  X  >  0  whara 

(1.2) 


C«,vlx 


la  +  Xwl  -  III 

X 


daflnaa  [x,w]  x  for  X  0.  Sinca  X  ♦  Is  +  Xwl  la  a  convax  function  of  X  wa  nay  daflna 


(1.3)  ts,w)  *  11s  [i,w] .  -  Inf  [s,w] 

X+0  X>0 

and  than  obaarva  that  an  oparator  A:D(A)  C  X  ♦  X  la  accratlva  If  and  only  If 


0  <  [x  -  x,  Ax  -  Xx]  for  x,  x  6  D(A). 


Lat  us  list  km  properties  of  tha  bracket  [  ,  ]  bafora  continuing.  Ona  further 
concept,  namely  that  of  tha  "duality  nap"  JiX  ♦  X*  is  required.  It  la  given  by 
(1.5)  J(x)  -  {  x*  8  X*j  x*(x)  -  lx  I  and  lx* I  <  1  1 

whara  x*(x)  denotes  tha  value  of  x*  8  X*  at  x  8  X.  For  example,  J(0)  is  the  closed 
unit  ball  In  X*. 

Proposition  1.  Lat  x,y,s  8  X  and  a,(8L  We  havat 

(I)  [  ,  ] :XxX  ♦  S  is  uppar-samlcontinuoua . 

(II)  [ax, By]  -  |  B|  (x,y]  if  a0  >  0. 

(III)  [x.oot  +  y]  -  olxl  +  [x,y]  • 

(iv)  |tx,yl|  <  lyl  and  [0,y]  -  lyl. 

(v)  -tx,-y]  <  tx,yl. 

(vi)  (x,y  +  a]  <  (x,y)  +  [x,a). 

(vll)  | tx,y]  -  [x,a] |  <  ly  -  si. 

(lx)  [x.yl  “  max{x*(y) i  x*  8  J(x)}. 


Lat  us  consider  still  another  way  to  say  that  X  +  oil  is  accretive.  If  wa  put 
a  ■  x  +  XAx  and  a  •  x  +  XAx  in  (1.1).  Then,  formally,  x  ■  (I  +  XA)_1s  and 
x  •  (I  ♦  XX)'1*  and  (1.1)  may  ba  reformulated  as 

l(I+XA)-1a  -  (I+XA)"^!  <  (1-Xw)-1  Is-al  for  a,  a  8  R(I+XA), 


(1.6) 


from  which  we  see  that  <1  +  XA)*1  is  indeed  a  function  with  (1  *  Xu)*1  as  a  Lipschits 

constant  if  Xu  <  1.  Just  as  f"1  need  not  be  a  function  if  f  is,  A  need  not  be  a 

function  in  order  that  (1.6)  hold,  and  we  will  continue  the  discussion  in  the 
multivalued  generality  that  this  suggests. 

More  precisely,  we  will  call  a  napping  A:X  +  2X  (the  subsets  of  X)  an  "operator* 
in  X.  Functions  with  domain  and  range  in  X  are  identified  with  the  corresponding 
single-valued  operators,  where  a  single-valued  operator  A  is  one  whose  values  Ax  are 
either  singletons  or  the  empty  set.  The  effective  domain  D(A)  of  an  operator  A  is 

D(A)  •  {>  e  X:  Ax  is  not  empty}. 

If  A  is  a  single-valued  operator  (or  the  corresponding  function)  and  x  0  D(A) ,  we  will 

use  Ax,  depending  on  the  context,  to  denote  either  the  singleton  set  or  its 

corresponding  element.  If  A  and  B  are  operators  and  X  0  R  then  we  form  new  operators 
A-1,  XA,  and  A  +  B  in  the  expected  ways.  For  example, 

A-1x  -  )y  e  Xi  y  0  Ax}. 

He  formulate  the  notion  of  accretiveness  for  operators.  The  equivalence  of  the 
four  conditions  given  is  clear  from  the  above. 

definition  1.  If  A  is  an  operator  in  X  and  a  0  K,  then  A  +  Ml  is  accretive  (or,  for 

short,  A  0  A(u) )  if  the  following  equivalent  conditions  hold< 

a  a  a  a  A 

(i)  (1  "  X«)lx  -  xl  <  lx  -  x  ♦  X(y  -  y)l  for  y  0  Ax,  y  0  Ax  and  X  >  0. 

(ii)  lx  -  x,y  -  y)  >  -ulx  -  xl  for  y  0  Ax  and  y  6  Ax. 

(ili)  If  y  0  Ax  and  y  0  Ax,  then  there  is  an  x*  0  J(x-x)  such  that 

•  *  * 
x  (y  -  y)  >  -  ulx  -  xl. 

(iv)  If  X  >  0  and  Xu  <  1,  then  (I  +  XA)-1  is  single-valued  and  has 
(1  -  Xu)-1  as  a  Lips chitz  constant. 

In  practice,  it  is  usually  (ii)  which  is  used  to  verify  accretivenesa.  He 
complete  this  section  by  recalling  the  notion  of  a  strong  solution  of  the  inclusion 
(DE )f  u'(t)  +  Ault)  3  f(t> 

in  which  A  is  an  operator  in  X  and  f s [0,T]  ♦  X  is  Bochner  integrable  with  respect  to 


(1.10)  D  I  f  ( t )  I  -  -  (f (b),  -f 1 ( a ) ]  , 

L  tBB  " 

and  we  conclude  that  if  both  f  and  lf(t)  I  are  differentiable  at  t  -  a,  then 

(1.11)  dt,f(t),U-B  “  tf(B).f(B)]  -  -(f(B).-f'(B)]. 

If  u  and  u  are  absolutely  continuous,  then  so  is  g(t)  •  lu(t)  -  u(t)l,  which  is 
therefore  differentiable  a.e..  If  u  and  u  are  as  in  the  proposition  than  u,  u  and  g 
are  all  differentiable  at  almost  every  t  and,  by  the  above,  for  such  values  of  t  we 

have 

~r lu(t)  -  u ( t ) I  -  -tu(t)  -  u( t ) ,  u'(t)  -  u 1 ( t ) )  - 
at 

-  “ (u \ t )  -  u(t),(t(t)  -  u* (t ) }  -  (fit)  -  u 1 ( t ) )  +  (fit)  -  f(t))]. 

Since  u  and  u  are  strong  solutions  of  their  respective  equations,  we  have 
f(t)  -  u'(t)  6  Au(t)  and  f(t)  -  u‘(t)  6  Au(t)  a.e..  At  Buch  points  t,  by 
Proposition  1  (vi)  and  Definition  1(ii), 

[u ( t )  -  u(t),(f(t)  -  u'(t))  -  (f(t)  -  u* (t) )  +  (f(t)  -  f(t))]  > 

>  [u ( t )  -  u(t),(f(t)  -  u* (t) )  -  <f(t)  -  u*(t)>]  -  (u(t)  -  u(t),f(t)  -  f(t)] 

>  -oilu(t)  -  u(t)  I  -  (u(t)  -  u(t ) , f  (t )  -  f(t)] 

We  conclude  that  g(t)  -  lu(t)  -  u(t)l  satisfies 

g'  (t)  <  o>g(t)  +  [u(t )  -  u(t),f(t)  -  f(t)l 
and  the  integration  of  this  elementary  inequality  yields  the  first  inequality  of 
(1.8).  The  final  inequality  of  (1.8)  comes  from  Proposition  Hiv). 

A 

In  particular,  if  the  assumptions  of  Proposition  2  hold  and  f  •  f, 
u(0)  »  u(0),  then  u  •  u  and  strong  solutions  of  the  initial-value  problem  are  unique. 
Even  more,  they  depend  continuously  on  initial  data  and  the  forcing  term  f  according  to 
the  estimate  (1.8).  If  f  -  f,  the  estimate  of  (1.8)  amounts  to  the  same 
quaslcontr active  estimate  from  which  we  motivated  the  condition  "A  +  wl”  is  accretive, 
and  the  circle  is  complete. 

However,  it  is  an  unpleasant  but  very  interesting  fact  that  we  cannot  think  only 
of  strong  solutions.  Indeed,  we  will  have  to  travel  rather  far  from  this  notion  to 


r-v..-v  <.  y.~<. 


accommodate  the  full  rang*  of  phenomena  In  thia  aubject.  In  particular,  there  la  an 
example  of  a  quaalcontractive  * ami group  8  on  X  ■  C(|0,1])  auch  that  S(t)x  ia  not 
differentiable  for  any  0  <  t  or  x  8  X  and  there  are  natural  aocretlva  operator*  X 
arising  in  partial  differential  equation*  for  which  the  problem  (DC )f  with  f  -  0  ha*  no 
strong  aolution*  on  t0,«),  a  phenomenon  which  correaponda  to  the  development  of 
"ahocka"  -  that  i*>  diacontlnuitiaa  develop  in  the  aolution  or  it*  derivative*  in  auch 
a  way  aa  to  render  it  aubtle  to  well  -  poa*  the  correaponding  problem.  We  take  up 
another,  broader,  notion  of  "aolution"  in  the  next  aection. 


8*ctlon  2.  Mild  Solution* 

Let  ua  motivate  the  notion  to  be  introduced  the  following  way.  The  exiatence 
qua at ion  for  the  claeeical  Cauchy  problem 


(CP) 


2j*(t)  +  Ault)  -  fit) 
ulO)  -  x. 


Where  h  is  a  continuous  function  in  acme  •  X  i*  often  approached  via  the  method  of 
"luler  lines*.  Now,  this  just  amounts  to  solving  l which  is  trivial  matter  when  it  is 
poaslble  -  sea  below)  the  explicit  difference  approximation 
u.liX)  -  u.(li-l)X) 

- r— i - +  Au.lli-1  )X)  -  flli-DX), 

12.1) 

ux(0)  -  x, 

for  the  nodal  values  u^llX)  of  the  approximation  u^,  interpolating  them  linearly,  and 
then  studying  tha  (subsequential)  convergence  of  u^  to  a  solution  u.  Of  course,  if 
linear  interpolation  produces  approximate  aolution*  u^  which  converge  uniformly  to  a 
continuously  differentiable  solution,  so  will  piecewise  constant  interpolation.  Now 
the  schema  12.1)  is  often  not  a  good  one  if  A  is  a  partial  differential  operator,  since 
the  formal  solution  of  (2.1)  is,  in  the  caaa  f  ■  0, 

uj^llX)  -  (I  -  XA)ux((i-1)X)  -  (I  -  XA)lux(0)  -  (I  -  XA)^x 
and  on*  is  applying  high  powers  (I  -  XA)1  of  a  differential  operator  to  a  fixed  x,  and 
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this  is  a  bad  idaa  in  general.  On  the  other  hand,  if  we  replace  (2.1)  by 


u.(iX)  -  u.((i-1)X) 


♦  Aux(iX)  -  f (iX) 


and  f  »  0  we  formally  have 


ux(iX)  -  (I  +  XA)_1ux((i-1)X) 


ux(iX)  -  JXA* 


(2.4)  Jx  -  (I  +  XX)-1. 

Mow,  provided  the  Inverses  have  an  adequately  large  domain,  this  procedure  is  well 
defined  and  proceeds  by  applying  powers  of  the  inverses,  which  have  a  better  chance  of 
behaving  well.  The  method  (2.2)  is  called  "implicit  Euler".  One  is  naturally  led  to 
consider  the  idea  of  accretive  operators  when  approaching  things  from  this  point  of 
view,  since  the  method  (2.3)  has  a  better  chance  of  success  if  the  operators  J x^  are 
equicontinuous  for  iX  bounded.  About  the  only  way  to  guarantee  something  like  this  is 

to  ask  each  factor  Jx  to  have  a  Lipschitz  constant  Kx,  and  then  Jx^  has  as  a 

Lipschitz  constant.  If  Kx  -  (1  -  Xu)-1,  then  ♦  e106  as  IX  ♦  t  and  i  ».  Moreover, 
one  is  naturally  led  to  place  conditions  on  the  domain  of  the  resolvents  Jx*  The  beet 
thing  is  to  have  them  defined  everywhere  (at  least  for  small  X). 

Definition  3.  Let  A  6  A(u).  Then  A  +  all  is  m-accretive  if  R(I  +  XA)  •  X  for  X  >  0  and 
Xu  <  1. 

The  condition  of  m-accretivity  is  enjoyed  by  many  important  operators  in 
applications.  The  simplest  example  of  an  A  such  that  A  +  ul  is  m-accretive  is  a 

Lipschitz  continuous  function  A  on  all  of  X  which  has  u  as  a  Lipschitz  constant.  Also 

every  continuous  function  A  on  X  which  is  accretive  is  ra-accretive  ( although  this  is 
not  so  easy  to  prove).  However,  examples  from  differential  equations  will  not  be 
continuous  and  will  typically  have  small  domains. 


>  : 
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With  thia  prologue,  we  will  adopt  balow  a  notion  of  solution  Which  rafara  diractly 


to  tha  approximation  method  uaad  to  prova  tha  axiatanca  of  solutions,  tha  implicit 
lular  method.  There  ia  ample  evidance  that  this  is  a  reasonable  thing  to  do.  It 
provides  a  great  unity  to  the  spectrum  of  examples  daveloped  over  tha  last  decade  or  so 
and  we  can  speak  of  "mild  solutions"  of  vary  different  problems.  On  the  abstract  side, 
we  find  it  a  completely  adequate  notion  for  discussing  (01) {  and  the  basic  existence 
theory  and  generation  theory  involving  accretive  operators  which  has  been  developed. 

It  has  shortcomings  when  one  attempts  to  deal  with  generalisations  of  (Dl)f,  which  we 

call  a  "quasiautonomous  equation",  to  more  general  time  dependencies,  e.g. 

u*  +  A(t)u  ”  0,  as  will  be  mentioned  later. 

We  now  define  the  notion.  For  a  while,  there  will  be  no  restrictions  of 
accretivenass  imposed  and  the  discussion  is  completely  general  in  this  respect.  In 
order  to  accomodate  the  natural  generality  f  e  l'(0,TiX)  and  other  results  discussed 
later,  we  will  need  more  general  approximations  than  (2.3)  -  in  particular,  we  will 
want  to  refer  to  variable  meshes  rather  that  the  constant  step  sise  X  above. 

Let  f  6  L1 (0,T:X)  and  e  >  0.  An  e-discretisation  on  [0,T]  of  u'  +  Ju  3  f  on  [0,T] 

consists  of  a  partition  {O  *  tg  <  t^  <  t2  <  « •  >  <  tj,}  of  the  interval  [0,tj,]  and  a 

finite  sequence  {f^,  f2,.*..,  fN }  C  X  such  that 


(a)  tt  -  t±-1  <  e  for  i  -  1, 


“  t<  tjj  <  T, 


(b)  l  )  lf(s>  -  f  Ids  <  e. 

i-1  Vi 

The  inequalities  (2.5)  (a)  require  that  the  step  sizes  of  the  partition  not  exceed  e 
and  the  end  point  tj,  <  T  not  miss  T  by  more  than  e.  The  inequality  (b)  requires  that 
the  forcing  term  f  be  approximated  within  e  in  L1  (O.tjjiX)  by  the  piecewise  constant 
function  whose  value  on  (t^.^ ,  t^]  is  f^.  These  data  do  not  refer  to  the  operator  A 
occurring  in  the  equation.  We  will  indicate  it  by  writing  Djy(0wtQ,t^, . .  jt^tf  j, . .  ,fN) 
for  tha  discretisation. 
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A  solution  of  a  discretization  o^(o-t0, t^ , • . , t^:f j, . . ,fg)  is  a  piecewise  constant 
function  v:  [0,t^]  ♦  X  whose  values  on  satisfy 

V  “V 

(2.6)  rr - - ^  +  Av  3  f.  for  i  -  1,....,M. 

Ci  "  *i-1 

The  value  vQ  »  v(0)  Is  not  otherwise  restricted.  An  e-approximate  solution  of  an 
Inclusion  u*  +  Au  3  f  Is  a  solution  v  of  an  e-discretization  D^(0»t0, . . ,tN:f 1 , . .  .f„>. 
Definition  4.  Let  A  be  an  operator  In  X,  T  >  0,  and  f  e  L^(0,T>X).  Then  a  mild 
solution  of  u*  +  Au  3  f  on  [0,T]  issue  C[0,T:X]  (the  continuous  functions  front  [0,T] 
Into  X)  with  the  property  that  for  each  e  >  0  there  is  an  c-approximate  solution  ▼  of 
u'  +  Au  3  f  on  [0,T]  such  that  lv(t)  -  u{t)I  <  e  for  t  in  the  domain  of  v. 


Less  formally,  mild  solutions  are  the  continuous  uniform  limits  of  approximate 
solutions.  We  reiterate  that  while  this  notion  is  just  broad  enough  to  provide  an 
adequate  extension  of  the  class  of  strong  solutions  for  our  purposes,  mild  solutions 
represent  a  very  considerable  generalization  the  strong  notion. 

Let  us  mention  that  while  we  have  treated  the  endpoints  0  and  T  of  the  interval 
[0,T]  assymetrlcally  in  our  definition  of  e-discretizations  and  e-approximate 
solutions,  this  difference  disappears  at  the  level  of  mild  solutions  (although  this 
requires  an  argument).  That  is,  the  class  of  mild  solutions  is  unchanged  if  one 
requires  only  0  <  tQ  <  e  in  the  definition  of  an  e-discretization  and  makes  the  obvious 
subsequent  modifications.  We  do  not  know  if  the  class  of  mild  solutions  is  left 
unchanged  in  general  if  we  require  both  tg  «  0  and  tjj  -  T.  Without  further  ado,  if 
a  <  b  and  f  e  L1 (a,b:X)  then  one  defines  strong  solutions  on  [a,b],  e-discretizations 
of  u'  +  Au  3  f  on  [a,b]  and  mild  solutions  on  [a,b]  in  the  obvious  way.  If  Q  is  an 
arbitrary  interval  and  f  e  L^^tQsX)  a  mild  (strong)  solution  of  u'  +  Au  3  f  on  Q  is  a 
u  e  C [Q: X]  which  is  a  mild  (respectively,  strong)  solution  on  every  compact  subinterval 
of  Q  (and  this  is  consistent  with  the  original  definitions,  as  must  be  checked). 

The  next  result  collects  a  variety  of  properties  of  mild  solutions  of  differential 


equations 


Proposition  3.  (Properties  of  mild  solutions. )  Let  A  be  an  operator  in  X, 

Q  an  interval  in  R,  and  f  •  Lloc(Q,x)* 

(i)  If  u  is  a  strong  solution  of  u*  +  Au  3  f  on  Qt  then  u  is  a  mild 
solution  of  u'  +  Au  3  f  on  Q. 

(li)  If  u  ie  a  mild  solution  of  u'  +  Au  3  f  on  Q,  then  u(Q)  C  D(A)  (the  closure 

of  D(A) ) • 

(ill)  Let  Q  ■  [0,T]  and  u  be  a  mild  solution  of  u'  tAuSf  on  [0,T].  If 
D(A)  is  closed  and  A  is  single-valued  and  continuous,  then 

t  t 

u(t)  *  u(0)  -  J  Au(s)ds  +  J  f(s)ds  for  0  <  t  <  T. 

0  0 

In  particular,  u  is  a  strong  solution  and  it  is  a  classical  solution  if  f 
is  continuous. 

(iv)  (Continuation  property).  Let  Q  “  Q1UQ2  where  Q1  is  a  subinterval  of 

Q.  If  u  8  c(QiX)  is  a  mild  solution  of  u*  +  Au  3  f  on  each  Q^,  then  it 
is  a  mild  solution  on  Q. 

(v)  (Closure  property).  Let  f„  8  X*'  8  C(QtX),  and  u^,  be  a  mild 

solution  of  u^  +  Au,,  3  f „  for  n  -  1,2 .  If  f„  converges  to  f  in  L1 

and  un  converges  to  u  uniformly  on  compact  subsets  of  Q  as  n  ♦  •,  then 
u  is  a  mild  solution  of  u'  +  Au  3  f  on  Q. 

(vi)  (Translation  property).  Let  u  be  a  mild  solution  of  u'  t  Au  3  f  on  Q 
and  h  e  S.  Then  v(t)  -  u(t  +  h)  is  a  mild  solution  of  v'  ♦  Av  3  g  on 
Q  -  h  where  g(t)  *  f(t  +  h). 

(vli)  (Perturbation  property).  Let  p  be  a  continuous  mapping  of  D(A)  into 

X.  Then  u  la  a  mild  solution  of  u'  +  Au  +  p(u)  3  f  on  Q  if  And  only  if 
u  8  C(Q:X),  u  has  its  values  in  D(A),  and  u  is  a  mild  solution  of 
u  +  Au  3  g  on  Q,  where  g(t)  -  f(t)  -  p(u(t)). 


V  v.  .  ."i  k  -j  .■  v •- 


Aa  the  reader  can  see,  many  of  tha  uaual  properties  wa  aaaociata  with  tha 
aolutiona  of  ordinary  diffarantial  aquationa  rasa  in  trua  in  tha  context  of  mild 
aolutiona ,  a  comforting  fact*  One  of  tha  things  wa  can  do  with  tha  notion  of  a  aild 
aolution  ia  dafina  a  aaaigroup  fres  an  arbitrary  operator  A*  Indeed,  given  an  operator 
A  in  X,  put 

Da  -  jx  e  X:  u*  +  Au  3  0,  u(0)  -  x,  haa  a  unique  sild  aolution  on  [0,*)} 
and  dafina  SA(t)sDA  ♦  X  by 

(2.7)  SA(t)]p>u(t)  where  u  ia  the  sild  solution  of  u’+Au  3  0,  u(0)  “  x. 

Proposition  4.  tat  A  be  an  oparator  in  X.  Then  SA  ia  a  aaaigroup  on  0A* 

We  will  call  SA  tha  "semigroup  generated  by  -  A*. 

Section  3.  Convergence  of  Approximate  Solutions 

In  this  aection  we  outline  tha  sain  facta  concerning  the  existence  of  aild 
aolutiona  of  the  initial-value  problem 

^  +  Au3  f(t), 

(IVP>x,f 

u(0)  -  x, 

where  A  t  id  is  accretive  and  f  8  L1 (0,TiX).  Consider  a  discretisation 
DA(0»tQ,t'|>..,tl|if'|,..,fN)  of  u*  +  Au  3  f.  The  nodal  values  vt  •  v(tj)  of  a  solution  v 
of  this  discretisation  satisfy 

V  •  V 

(3.1)  rr - - —  +  Av  3  f  for  i  ■ 

'i  "  i-1  1  1 

or,  equivalently, 

(3.2)  vA«  (v^+fi^)  for  i“1,..«,H,  where  and  J^-(I+AA)-1, 

and  we  are  aasuaing  that  is  a  function  in  the  range  of  A  where  we  use  it.  If  A  ♦  ul 
ia  accretive,  then  this  ia  the  case  in  (3.2)  provided  that  5iu  <  1  for  i  •  1,..,H.  If 
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A  ♦  <ul  it  also  m-accretive,  than  tha  domain  of  J ^  la  all  of  X  tor  Xu  <  1,  and  (3.2) 
unlqualy  datarminas  tha  for  any  choice  of  tha  dlacratlsation  D^(0-t0, . . ,t„if ,, . . ,fK) 
of  small  mesh  and  intlal-valua  v0  of  v.  Thua  for  a  large  and  interesting  claaa  of 
oparatora  A,  a vary  dlacratlsation  of  saall  aaah  of  u'  ♦  Au  3  f  la  unlqualy  solvable 
onca  tha  intlal-valua  of  tha  solution  is  spacifiad.  This  adds  intarast  to  tha  naxt 
thaoraa.  In  tha  theorem,  an  c-approxiaata  solution  of  (IVP)X(f  on  [0,T]  swans  an  e- 
approxiswta  solution  of  u'  +  Au  3  f  on  [0,7]  which  furthar  satlsfias 
(3.3Qv(0)  -  xl  <  c.  Theoreml . (Converqsnca)LetA+<igheaccratlvs,xWKM 

cloaura  of  0(A)),  and  f  6  l’io.TiX).  For  aach  c  >  0  lat  (IVP)xf  hava  an  e-approxlmate 
solution  on  [0,T].  Than  tha  problem  (lVP)X(f  has  a  uniqua  mild  solution  u.  Horaovar, 
thara  is  a  function  ic(e)  such  that  *(0+)  »  0  and  if  v  is  an  c-approximata  solution  of 
(IVP)x<f  than 

lu(t)-v(t)l  <  k(c)  for  0  <  t  <  T  •  t. 


Tha  convergence  thaoraa  assarts  that  if  c-approximata  solutions  axiat  for  aach  c, 
than  thay  convarga  as  e  ♦  0  to  a  mild  solution  u  and  tha  dlffaranca  batwaan  u  and  any 
c-approximata  solution  is  astimabla  in  taros  of  e.  Tha  aatlmats  <  will  dapand  on  T,  m, 
tha  bahaviour  of  A  naar  x  (or  simply  lyl  for  y  8  Ax  if  x  6  0(A))  and  tha  modulus  of 
continuity  of  f  in  L1  with  raapact  to  translations.  In  particular,  if  A  +  ul  is 
m-accrativs,  and  f  6  L1 (0,TiX) ,  than  (IVF)X({  has  a  uniqua  mild  solution  for  svary 
x  e  0(A). 


We  will  not  give  tha  details  of  the  proof  of  the  Convarganca  Theorem,  but  wa  will 
outline  a  simple  and  interesting  attach  which  gives  such  store  intonation  than  claiswd 
so  far. 

First  Step.  Let  v  be  a  solution  of  a  discretisation  D^O^sq^,  . . , sMif  j, . .  ,fM)  and  w 
be  a  solution  of  a  discretisation  O^(0«t0)t1,..,tt]tg^,..,gll)  with  nodal  values  v^  and 
Wj  respectively.  Put 


Vj  ‘  ,Vi  "  V'  V  V  *1-1'  V  V  Vi- 


Then 


P 
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(3.4) 


T— 


*  v^i-i,i+  v^'vv 


for  1  <  i  <  M,  1  <  j  <  H.  Moreover,  for  any  x  8  0(A)  end  y  *  Ax 


*i,0  «  aifl,v0-3‘,+,w0"x,+  ,j1ai,k\(,fk,+  ,y,)  for  0<1<M' 


(3.5) 


and 


•o,j  *  6j,1,W0-X,+,V0-X,+  J/j.kV***"  f°r  0<j<N* 


where 

-i  1  _i 

(3.6)  b  .  ■  n  (l-wy  )  and  $  ■  H  (1-w6  )  . 

L'*  m-k  *  3,k  m-k  “ 

The  Inequalities  (3.4)  and  (3.5)  are  elementary  coneequencee  of  the  assumptions. 
The  proof  of  the  Convergence  Theorem  then  reduces  to  estimating  solutions  of  (3.4)  and 

(3.5).  One  way  to  recognize  the  behaviour  of  solutions  of  these  inequalities  is 
outlined  next. 

Second  Step.  Consider  real-valued  functions  <i(s,  T) ,  ip(s,t)  of  two  real  variables  s,  t 
which  are  related  by  the  differential  equation 

(3.7)  ta(s,T)+fT(s,T)-uf (•>*)  -  <p(s,T)  for  0<s<T  andO<T«r. 

Let  us  introduce  a  grid 

(3.8)  A  -  {(S^,tj)t  0-s0<....<sM<T»0»t0<....<tN«r} 
and  approximate  (3.7)  on  this  grid  by  the  difference  relations 


(3.9) 


kill  LjlI =1 


-uT 


i.j 


*  for  i-1,. 
1*  3 


i  ,M,  j*1, . . ,N, 


where  ■  sA  -  s^.^  and  6j  •  tj  -tj_^.  When  (3.9)  is  solved  for  (given  the 

values  for  i  -  0  or  j  -  0)  we  might  hope  l*i(j  “  ♦(s1,Tj)|  is  small  when  it  is 

small  on  the  "boundary”  1  «  0  or  )  ■  0,  the  mesh  maxjif^Sj}  is  small,  and  the  values 
approximate  4  on  (s1_1,s^]x(Tj_1,Tj]  in  some  good  way.  Now  (3.9)  becomes,  upon 
rearranging. 


(3.10) 


Vi 


.Jift 


rW  i.j  y.  +  r,+  i.j-)  y,+  *7 i.j 


and  the  ralationahip  with  (3.5)  becomes  apparent.  The  terms  corresponding  to  4^^  In 
(3.4)  are  1^  -  g^l  where  tha  fi  and  gj  are  nodal  vaiuee  of  plecewiae  conatant 

approximations  of  functions  f,  g  8  L 1  (0,T: X) .  It  ia  not  exactly  clear  how  such  4^  ^ 

\ 

approximate  thla  <p,  hut  they  do  so  In  the  sense  required  to  apply  the  convergence 
result  described  next. 

Let  b  e  C([-T,S]).  The  integration  of  (3.6)  subject  to  the  boundary  condition 
9(s,t)  -  b(s-T)  if  •  •  0  or  l  >  0  leads  to  the  following  formulae  for  4  -  G(b,ip)i 


•  eUTb(s-T)  +  J  au^T  °'(p(a-r+a,  a)do  for  0<t«s<T, 


(3.11) 


G(b,<p) 


e^bls-x)  +  J  eu^*  a*<jKa,  T-s+a)da  for  0<b<t<T. 


In  what  follows  <p  is  such  that  G(b,<p)  is  well  defined  and  continuous. 

Me  want  to  discuss  a  solution  operator  for  the  corresponding  discrete  problem  and 
begin  by  introducing  the  norm  in  which  approximation  of  <p  will  be  required.  To  this 
end,  if  0  »  [0,S]x[0,T]  and  <pi  (0,8)  *[0,T]  ♦■put 

(3.12)  l<pln«inf  {If*  .  +lgl  ,  «|<p(s,T)|<  |f  (s)  |  +|  g(  t)  |  a.e.  on  0), 

L  <0,S)  l  (0,T) 

Where  it  ia  understood  that  tha  inf  of  tha  empty  set  is  Next,  if  &  is  the  grid 


(3.8),  put 


0(A)  -  (0,sM]x(0,tN). 


B:[-tg,sM]  ♦  R  and  *ifl(A)  ♦  R 


be  piecewise  constant  on  A,  i.e.  there  are  constants  Bif y  j  such  that  B(0)  «  &o.O 


B(r)  -  B,  j  for  i  »  0  and  -t,  <  r  <  -t._.  or  j  -  0  and  s,_,  <  r  <  s. 


•VV*1 


*(s,t)  -  *lfj  for  (a,  t)  8  (•i-i»»i)x(Tj_1,Tj). 
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differ  fro*  f  end  g  in  L  by  at  most  c  and  slssuntary  estimates.  Moreover,  If 
<P(s,t)  “  lf(a)-g(t) I  and  •  la  tha  piecewise  constant  function  on  A  given  by 
“  l^-g^l,  th«n 

(3.16)  lip  -  •l(1(A)<  2e. 

finally,  alnca  tha  aif j  satisfy  tha  inaqualitias  (3.5)  and  (3.6)  they  aay  ba 
aatiaatad  above  by  tha  solution  »  H(B, •) ^ j  of  tha  corraspondlng  equalities. 

Recalling  tha  meaning  of  tha  a±  j j  and  Theorem  2  we  conclude  that  for  any  n  >  0 

(3.17)  lv(s)  -  w(t)l  <  G(b, ip) (s, t)  +  n 
as  soon  as  e  is  small  enough. 

Na  use  (3.17)  in  three  situations.  If  f  •  g,  xQ  ■  xq,  and  s  ■  t  •  t,  we  compute 
G(b,<p)(t,t)  »  2lxQ-xl  and  conclude  that 

lv(t)  -  w(t)l  <  2lxQ-  xl  +  n, 

as  soon  as  e  is  small.  Since  x0  6  D(A)  and  x  6  D(A)  is  arbitrary,  this  verifies  the 
Cauchy  criterion  for  tha  net  of  c-approxiaate  solutions  of  (3.14).  Let  u  ba  tha  limit 
of  the  c-approxiaate  solutions  of  (3.14)  as  e  ♦  0.  Now  wa  taka  the  limit  in  (3.17) 

a 

with  a  “  t  +  h,  f»g  and  xq  -  Xg  to  conclude  that 

lu(t+h)  -  u(t )  I  <  C(b,ip)  (t+h,t )  -  a®* [(a1**  1>lx0-  xl  + 

(3.18) 

♦  J  a  “(h"°{lf(o)l  +  lyUdo)  +  Jta"(t"a,lf(a*h>  -  f(a)ldo, 

0  0 

for  every  y  6  Ax  and  x  €  D(A).  It  follows  sasily  that  u  is  continuous.  In  a  similar 
way,  (3.15)  in  the  general  case  lilies  that  if  u  and  u  are  mild  solutions  of  problems 
u'  ♦  to  9  f  and  u*  ♦  Au  3  f,  than 

(3.19)  lu(t)  -  u(t)  I  <  a^lutO)  -  u(0 )  I  +  J  a“<t_a>lf(o)  -  f(cOlda. 

0 

(The  change  in  notation  was  made  because  we  ran  out  of  suitable  letters.)  The 
inequality  (3.19)  reproduces  tha  extreme  inaqualitias  of  (1.8)  for  mild  solutions. 
Given  the  convergence.  Theorem  2  also  quickly  implies  the  validity  of  the  next 
proposition. 
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Section  4.  A  Quasi linear  Equation 

In  this  section  we  sketch  an  application  of  the  results  of  Section  3  to  a  (over 
siaplif ied)  quasilinear  problem  related  to  those  previously  considered  by  Kato.  This 
section,  while  self-contained,  is  primarily  intended  for  readers  with  soma  knowledge  of 
Kato's  theory.  It  demonstrates  a  strong  relationship  between  his  existence  results  and 
the  results  we  have  sketched  so  far. 

Here  X  and  Y  denote  reflexive  Banach  spaces  with  Y  densely  and  continuously 
imbedded  in  X.  The  norms  of  X  and  Y  are  denoted  by 
I  lx  and  I  l?  respectively.  The  problem  of  interest  has  the  form 
(4.1)  u'  +  8(u)u  “  0,  u<0)  m  if, 

in  which  B(u)  is  a  linear  operator  in  X  for  each  suitable  u.  We  detail  properties  of  B 
shortly,  but  first  we  must  introduce  a  little  notation. 

In  what  follows  linear  operators  are  single-valued.  If  CiD(C)  C  X  *  X  is  a  linear 

operator,  Cy,  the  part  of  C  in  Y,  is  the  restriction  of  C  to  {ye  D(C)Dls  Cy  e  y}.  If 

Z  is  a  Banach  space  and  C  is  a  densely  defined  linear  operator  in  Z  such  that  C  +  ul  is 

•-accretive  we  write  C  e  H(u,Z).  The  Hille-Yoaida  theora  (which  we  will  not  use) 

implies  that  C  e  N(u,z)  exactly  when  -C  is  the  infinitesimal  generator  of  a  continuous 

seed  group  e-0*  of  linear  operators  which  satisfies  le_Ct  I  <  e1*  . 

z 

In  the  assumptions  below  r  >0,  wQ  6  Y  and 

W  -  {y  e  Yi  ly  -  w0ly  <  r  } 
is  the  closed  r- ball  centered  at  wQ  in  Y.  We  assume  that: 


(B1 )  There  is  a  8  6  K  and  for  each  wiw  an  operator  B(w)  8  H(0,X)  such 
that  D(B(w) )  D  Y  and  B(w)y  8  11(0, Y). 

(B2)  There  are  L,  y  >  0  such  that  for  w,  w  8  W  and  y  6  Y 

A  A 

IB(w)  -  B(w) )yly  <  Llw  -  wlylyly  and  IB(w)yly  <  flyly  . 

(B3)  There  is  a  u  >  0  such  that  if  w  8  W  then  B(w)wQ  8  Y  and 

lB(w)wQly  <  u. 
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and  thus  tend  to  zero  in  L  and  a  fortiori  in  L'.  Finally  we  check  that 
A  +  mX  ia  accretive  in  X  where  u  -  0  +  L(r  +  lwQly).  Indeed,  by  (B1)  and  (B2),  if 
x  and  x  6  D(A)  ■  W 

*  *  A  A  A  A 

lx-x+X(A(x)-A(x) ) lx»  lx-x+\B(x) (x-x)+X(B(x)-B(x) )xl^  > 

(4.7)  >lx-x+XS(x)  (x-x)  1^-  XI  (B(x)-B(x)  )xlx  >  (1-X6)  lx-xlx-XLlx-xlxIxly  > 

>  (1  -  X ( Q  +  L(r  +  lwQlY))lx  -  xlx, 

and  the  claim  is  proved.  The  convergence  of  in  X  uniformly  in  t  to  a  continuous 
limit  u  now  follows  from  the  results  described  in  Section  3.  Since  each  u^  takes 
values  in  W,  which  is  weakly  closed  in  Y,  and  convergence  in  X  boundedly  in  Y  implies 
weak  convergence  in  Y  by  the  assumptions  on  X  and  Y,  the  convergence  claims  are 
established.  Clearly  u(t)  is  weakly  continuous  into  Y  and  B(u(t))u(t)  is  weakly 
continuous  into  X.  Moreover,  it  ia  easy  to  pass  to  the  weak  (in  X)  limit  as  X  +0  and 
jX  ♦  t  in  the  relation 

ux(jX)  -  <J>  +  J  B(u^(a  -  X))ux(s)ds, 

which  follows  from  summing  (4.2)  from  i  -  1  to  j,  to  find 

t 

u(t)  -  <p  +  J  B (u( s )  )u(  s ) ds , 

0 

which  proves  the  claims  about  u  being  a  weakly  continuously  differentiable  strong 
solution  of  (4.1). 

It  remains  to  discuss  the  solvability  of  (4.2).  By  the  assumption  (B1),  if  X  >  0 
and  X9  <  1,  then  given  x^.j  8  V  and  any  z  in  X  we  can  uniquely  solve 

(4.8)  x  +  XB(xi_1)x  ■  z 
for  x  ■  (I  +  XB(x1_1))”1s  and  x  6  Y  if  z  8  Y  and 

(*•*>  * (I  +  XB(x1_1)"1)lz  <  (1  -  X9)"1  for  Z  -  X  or  Z  -  Y. 

Hence,  so  long  as  we  keep  x1_1  in  W  we  can  compute  xA  in  Y.  We  estimate  the  range  of  1 
for  which  this  is  possible.  Without  loss  of  generality  assume  0  <  9.  We  will  keep 


AS  <  1/2  so  that 


(1  -  AS)"1  <  a2*0. 

By  (4.9)  and  (B3),  ao  long  aa  xi_1  6  W, 

•xi  -w0<Y  <  -  xe)“1i«1-*#+x(B(K1_1)x1-B(«1.1)i.0it  - 

-(1-A9)”1  lx1_1-  <'»0+AB(xi_1)w0)ly< 

<  (1  -  M)_1(lxw  -  wQly  +  iBIx^^l^  < 

<  (1  -  A9)",(lxi_1-  wQly  +  Xu). 

Using  tha  abova  inequalities  and  Xq  ■  <p,  one  finds  aasily  that 

,xi”  w0*  y*  ~  wo*Y  + 

ao  we  concluda  that  if 

a2(T+X)9(((p  -  wQly+  (t  +  Xlul  <  r, 

which  trill  hold  for  X  and  T  aaall  anough  provided  that  (p  lias  in  tha  intarior  of  W, 
than  (4.2)  ia  solvable  for  xA  6  W  whan  T  <  NX  <  T  +  A,  conflating  tha  diacuaaion. 

Baction  5.  Generation  Theorems  and  Kobayashi's  Existence  Criterion. 

Zn  this  section  wa  introdnca  results  of  two  kinds.  On  tha  one  hand,  if  wo  ara 
given  a  sapping  from  data  (x,f )  with  the  properties  expected  of  tha  solution  operator 
of  tha  problem 

(IVP)x,f  u'  +  Au  3  f,  u(0 )  -  x, 

whan  A  *  nil  is  accretive,  wa  ask  if  that  napping  indeed  arises  fron  an  A  in  this  way  - 
this  ia  generation  theory  in  tha  spirit  of  ths  first  section.  Secondly,  wa  will 
discuss  sore  refined  questions  concerning  the  solvability  of  (IVP)X>0  than  have  been 
poeed  so  far. 

To  begin,  let  us  recall  that  if  A  +  oil  ware  n-accretive,  f  a  L1  ( [o,— )jX)  and  x  a 
_  loc 

D(A),  then  <IVP)Ktf  would  have  a  unique  mild  solution  u  a  C([0,»)iX)  which  we  will 
denote  by  u  -  Ex(x,f).  Moreover,  would  enjoy  certain  properties  which  wa  now 
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abstract.  Let  K  be  a  closed  and  nonempty  subset  of  X,  L  be  a  translation  invariant 
subs  pace  of  Lloc*  [0,«)iX)  and  consider  the  following  properties  of  a  napping 
BsKxL  +  C(  I0,«)iX)i 

(SI)  For  x  e  K  and  f  il,  E(x,f)(0)  -  x  and  B(x,f)(t)  6  K  for  0  <  t. 

(E2 )  E  is  translation  invariant  in  the  sense  that 

E(x,f)(t+T)  -  E(E(x,f)(T),f(.+T))(t>  for  x  6  X,  f  e  L  and  0  <  t,  t. 

(E3 )  If  x,  x  6  fi  (  6  L  and  u  »  E(x,f),  u  "  E(x,f),  then 

lu(t)-u(t)l  <  e^luCO-utO)!*;  e“<t-t)  [u(  t)-u(  t),f  (T)-f  ( T))dt 

0 

for  0  <  t. 

For  example,  if  a  -  0  and  L  ■  {o},  then  (Bt)-(E3)  reduce  to  the  requirement  that 
S(t)x  ”  B (x, 0 ) ( t)  defines  a  nonexpansive  ssnl group  on  X.  Next  we  list  soma  results 
which,  under  various  circumstances,  represent  operators  ■  satisfying  (El  )-(E3)  as 
arising  from  solving  an  initial-value  problem  (IVP)X|j,  with  A  +  ml  accretive.  In  the 
first  result  we  sea  that  if  L  is  large  enough,  then  the  situation  is  rather  nice. 

(i)  Let  (Bl  )-(83)  hold  and  L  contain  all  the  constant  functions.  Then  there  is  a 
unique  A  such  that  A  +  ml  is  ax-accretive  and  E  is  the  restriction  of  to  KxL. 
Moreover,  D(A)  -  K. 

It  is  also  easy  to  see  that  the  napping  A  ♦  E^  is  one-to-one  on 

{a«  A  +  ml  is  n-accretive} 

(essentially  because  y  8  Ax  is  equivalent  to  the  constant  function  x  being  a  solution 
of  u*  +  Au  3  y  when  A  ♦  ml  is  n-accretive).  when  L  «  Lloc<  [0,e)sX)  this  provides  us 
with  a  biunique  correspondence  between  mappings  E  with  the  properties  (E1)-(E3)  and 
operators  A  with  A  t  oil  nr-aocretives  this  is  a  perfect  result.  The  situation  in  the 
semigroup  case,  that  is  L  -  { 0 } .  is  considerably  more  complicated  and  there  remain 
interesting  unsolved  problems.  We  will  restrict  our  attention  to  the  case  w  ■  0,  but 
all  the  results  below  remain  valid  in  the  general.  We  begin  with  the  compact  case. 

(ii)  If  S  is  a  nonexpansive  semigroup  on  a  closed  convex  set  X  in  X  and  K  is  locally 
compact,  then  there  is  an  accretive  operator  A  in  X  with  D(A)  -  X, 


X  W1{r(I  ♦  lA)t  X  >  0} 

and  S  -  8^  (equivalently,  8  is  obtained  from  A  via  tha  exponential  formula) .  In 
particular,  if  X  -  ■**  is  finite  dimensional,  then  every  nonexpanaive  semigroup  on  a 
closed  convex  aet  ariaea  in  this  way.  However,  even  if  X  •  X2  with  the  sarlais  norm, 
there  are  distinct  m-accretive  operators  A  and  8  with  doaains  all  of  X  for  which 
®A  -  ®B* 


The  next  results  do  not  require  ccapactness  but  restrict  the  go  paw  try  of  X 


instead.  In  the  event  that  X  •  H  is  a  Hilbert  space,  the  notion  of  an  accretive 
operator  coincides  with  another  notion,  that  of  a  monotone  operator.  Moreover,  it  is 
known  that  an  operator  is  a-accretive  if  and  only  if  it  is  accretive  and  not  a  proper 
restriction  of  another  accretive  operator  -  i.e. ,  if  it  is  maximal  accretive 
(equivalently,  maximal  aonotone).  This  is  the  origin  of  the  "m-*  in  a-accretive. 

(iii)  If  X  -  H  is  a  Hilbert  apace,  X  is  a  closed  and  convex  subset  of  X  and  8  is  a 
nonexpensive  semigroup  on  K,  then  there  is  a  unique  a-accretive  operator  A  in  X  such 
that  8  ■  Bk  and  D(A)  -  K.  Moreover,  this  correspondence  is  biunique,  the  infinitesimal 
generator  of  SA  is  -A°  where  A°  is  the  Minimal  section  of  A.  That  is,  for  x  •  0(A),  Ax 
is  a  closed  convex  set  and  A°x  is  the  projection  of  0  on  this  set  (its  element  of  least 


The  results  above  provide  a  perfect  generation  theorem  for  nonexpanaive  semigroupe 
in  Hilbert  spaces  which  is  really  quite  rich  in  structure.  Moreover,  it  is  nontrivial 
even  in  the  case  X  ■  Ml  A  generalisation  of  (ill)  holds  which  places  less  severe 
geometrical  restrictions  on  X,  but  more  on  X. 

(iv)  If  the  norm  of  X  is  uniformly  Oateaux  differentiable  and  the  norm  of  X*  is  Frechet 
differentiable,  then  the  relation  8  •  SA  establishes  a  biunique  correspondence  between 
nonexpanaive  seadgroups  on  closed  convex  nonexpanaive  retracts  of  X  and  a-accretive 
operators. 


i* 
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We  will  defer  further  remark*  in  this  vein  to  the  comments  section.  For  now  we 
content  ourself  with  the  final  remark  that  it  ia  still  an  unsolved  problem  to  determine 
whether  or  not  an  arbitrary  nonexpansiv*  semigroup  8  on  a  convex  X  can  be  represented 
in  the  form  s  -  SA  for  an  accretive  A.  It  seama  likely  that  if  this  is  to  be  proved 
not  true,  then  this  will  be  done  by  presenting  a  nonexpansiv*  semigroup  S  on  a  closed 
convex  set  X  such  that  18(t)x-xl/t  ♦  •  as  t  ♦  0+  for  every  x  6  X.  If  this  is  to  be 
proved  true,  it  will  likely  involve  some  totally  new  arguments  -  a  statement  which 
leads  us  to  a  few  comments  on  the  arguments  used  to  prove  (i)  -  (iv). 

In  order  to  prove  (i),  one  proceeds  according  to  the  following  idea:  Assuming 
that  8  is  indeed  of  the  form  BA,  w*  fix  c  8  X  and  try  to  build  the  solutions  of 
u'  +  Au  +  (u  +  1)u  3  z,  u(0)  “  x  from  S.  If  A  +  til  is  accretive,  the  time  t  mapping  x 

♦  u(t)  so  defined  is  a  strict  contraction  and  fay  a  fixed  point  argument  we  conclude 

that  the  problem  has  a  constant  solution  u  5  x.  Then  x  8  D(A)  and  s  -  (is  +  1)x  8  Ax. 
This  leads  to  the  following  construction  of  A.  First  extend  I  to  XxP  where  F  is  the 
space  of  piecewise  constant  functions.  This  is  easy  awing  to  (E2).  E.g. ,  if  f  -  s  on 
0  <  t  <  a  and  f  -  w  on  a  <  t,  put  X(x,f)(t)  -  B(x,z)(t)  for  0  <  t  <  a  and  E(x,f)(t  +  a) 

«  E(x,E(x,s) (a) ) (t)  if  0  <  t.  Next  us*  (B3)  and  the  density  of  F  in  i‘ioc(0>a*>x)  to 

extend  B  to  all  of  Kxi,^oc(0,«iX).  Next  fix  z  8  X  and  x  8  X  and  solve 
u  “  X(x,-(u>  +  1)u  ♦  z)  by  iterating:  Uq  s  x,  and  u,^  »  E(x,-(u  +  Observe  that 

x  ♦  eSilt)  is  nonexpansiv*  and  so  there  is  a  unique  element  of  X  fixed  by  the  map 
x  +  u(t)  for  all  t.  That  is,  x  •  E(x,-(u>  +  1)x  +  z)  has  a  solution.  Defining  A  by 
z  -  (<u  +  l)x  e  Ax  yields  an  operator  A  with  the  desired  properties. 

In  order  to  prove  the  results  (ii)  -  (iv)  a  quite  different  path  is  taken.  One 
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attempts  to  produce  A  by  defining 


(5.1)  (I  +  XA)“'  -  lim  (I  +  X—  "  8<t>')~1, 

t+0  1 

and  the  main  work  is  to  show  the  existence  of  a  suitable  (perhaps  subsequential) 
limit.  See  the  comments  section. 


-  v*  :*■ 


^  *  »■  ' 
*  "ji  *  e  • 


I*,*/  %•  ’.A*  .N  .**  .**,*•’  f  V_  V_  f  •*,  *  •  *  «  •  m  ’  •  '  4  *  »  *  »  *  »  *  »  *  •/  V*  •  *  »/  V  '.’X**',' 


The  result  (i)  is  a  strong  indication  that  if  A  +  ml  is  accrativa  and  tha  problaa 
(!VP)x>t  has  a  mild  solution  on  [0,»)  for  avary  x  6  0(A)  and  constant  function  f,  than 
A  is  probably  vaccretive.  However ,  it  doas  not  quits  say  this,  and  thara  is  an 
apparantly  open  problem  hare,  A  variant  of  tha  question  involved  hare  is  tha  problaai 
of  trying  to  give  sufficient  conditions  and  neccessary  conditions  for  tha  solvability 
of  (IVP)Xj0  for  arbitrary  x  6  D(A)« 

For  example,  tha  following  is  an  intarasting  sufficient  condition!  Let  A  +  ml  be 
accrativa  and 

(5.2)  lim  inf  4(R(I  ±  ithSl  -  o  for  x  8  D(A), 

1+0  A 

where  d(C,x)  denotes  tha  distance  from  tha  set  C  to  x,  Than  tha  problem 

(5.3)  u<  +  Av  3  0,  u(0 )  -  x 

has  a  mild  solution  on  JO,**)  for  every  x  e  D(A) •  Ha  call  tha  condition  (5.2) 
"Xobayashi's  criterion".  This  is  obviously  a  generalisation  of  the  range  condition. 

It  ia  also  a  sort  of  tangency  condition!  In  tha  event  that  A  is  a  continuous  function 
on  D(A)  it  can  be  shown  to  be  equivalent  to  tha  assumption  that 


(5.4)  lim  inf-te-~  -  0  for  x  8  D(A). 

A+0  .  A 

If  tha  limit  inferior  is  replaced  by  tha  limit  above,  tha  statement  just  says  that 
departing  from  x  in  tha  direction  of  -Ax  will  leava  D(A)  at  saro  velocity. 

In  fact,  necassary  and  sufficient  conditions  are  known  for  tha  solvability  of 
(5.3).  For  example,  the  following  are  equivalent  if  A  +  ml  is  accrativa i 

(a)  (5.3)  has  a  mild  solution  on  ((),«•)  for  avary  x  8  0(A) . 

(b)  For  avary  e  >  0  and  x0  8  D(A)  there  is  a  5  8  (0, e),  an  integer  H,  and 
y,  8  Ax,,  h,  >0  for  i  “  1,...,N  such  that 


That  (a)  ♦  (b)  la  trivial.  The  other  implication  requires  interesting  arguments  which 
we  will  not  sketch  here.  Do  notice  that  Xobayashi's  criterion  is  just  the  case  (b)  in 
the  particular  situation  t)  •  1. 


Section  6.  Regularity  of  Mild  Solutions 

In  the  generality  we  have  been  discussing,  if  A  8  A(w)  the  only  strong  solutions 
of  the  problems  u'  +  Au  3  f  which  are  known  to  exist  are  the  trivial  ones,  the 
constants.  That  is  u  *  x  and  f  -  y  for  all  t  where  y  8  Ax.  Bowever,  mild  solutions 
are  a  satisfactory  extension  of  the  notion  of  strong  solutions,  since  mild  solutions 
are  unique  and  strong  solutions  are  mild.  We  have  not  addressed  the  other  part  of  thia 
consistency  question,  namely  if  a  mild  solution  turns  out  to  be  "smooth*,  is  it  a 
strong  solution?  Similarly,  we  have  not  given  conditions  under  which  mild  solutions 
are  smooth.  This  we  will  do  now.  We  do  emphasize,  before  this,  that  even  in 
applications  one  does  not  want  to  be  Had  ted  to  strong  solutions,  since  there  are 
Important  partial  differential  aquations  which  a imply  do  not  have  strong  solutions. 

A  basic  fact  is  the  following  consistency  between  the  property  AS  A( u)  and 
dlfferentiablity  of  mild  solutions  of  u‘  +  Au  3  f. 

Theorem  4.  bat  A  8  »(u),  f  8  L1(0,T<X)  and  u  be  a  mild  solution  of 

u'  +  At  3  f  on  (0,T).  bet  u  have  a  right  derivative  u£(t)  at  t  8  (0,T)  and 


-  z,-rn 

lie  -rJ-J  lf(t)  -  f  (  t)  Idt  -  0, 


that  is,  t  is  a  right  Lebesque  point  of  f.  Then  the  operator  A  given  by 
Ax  ■  Ax  for  x  f  u(t) 


Au( T)  -  Au( T)U(f ( T)  -  u£(t)} 


satisfies  A  8  A(u>). 
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If  A  ♦  ul  !■  »- accretive  and  A  0  A(u)  ia  an  extension  of  A  (aa  ia  tha  caaa  for  tha 


A  given  by  (6.1)),  than  A  -  A.  Thia  maximality  proparty  ariaaa  bacauae  if  A  vara 
atrictly  bigger  than  A,  than  for  X  >  0  and  Xu  <  1,  (I  ♦  XA)~*  would  ba  a  function 
atrictly  axtanding  tha  avarywhara  dafinad  (1  +  XA)-1,  and  thia  ia  inpossible.  It  thua 
follows  at  onca  that  if  A  +  ul  ia  a-accretive  and  u  6  H1,1(0,T:X)  ia  a  mild  solution  of 
u'  +  Au  3  f,  than  u  ia  a  atrong  solution.  Whan  ia  a  aild  solution  in  W1' 1 (0,TiX)7  Tha 
principal  conditions  guaranteeing  thia  ara  given  byt 

Proposition  6.  Let  A  6  A(u),  ft (0,T]  «  X  ba  of  bounded  variation  and  x  e  0(A).  If  u 

ia  a  slid  solution  of  u'  +  Au  3  f  on  [0,T],  than  u  is  Lipschitz  continuous.  Moraovar, 

a^"lTlf(0+)  -  yl  ♦  V(f,T)  +  |u|J  al“l <T-T,V(f , t)dt, 

0 

where 


V(f,t) 


t-h 

11a  aup  J 
h+0  0 


If  ( t  ♦  h)  - 
h 


f(T)l 


dT 


is  tha  variation  of  f  over  [0,t],  ia  a  Lipachita  constant  for  u.  If  X  is  also 
raflaxiva,  than  u  0  W1'1(0,TtX). 

That  is,  wa  have  a  regularity  of  u  under  tha  stated  conditions  which  is 
independent  of  X,  naaaly  Lipachita  continuity.  However,  it  ia  only  under  further 
conditions  on  X  (a. g. ,  ref lexivity)  that  this  guarantees  differentiablity  and  hence  u  0 
W^' ^ (0,TiX).  In  particular  wa  have: 

Corollary  1.  Let  A  +  Ml  be  a-accretive,  fi(0,T]  ♦  X  ba  of  bounded  variation, 
x  0  D(A)  and  X  ba  reflexive.  Than  the  ad. Id  solution  of  u’  t  Au  9  f, 
u(0)  •  x  is  a  Lipachita  continuous  strong  solution. 


Under  further  restrictions  on  X  wore  refined  stataatenta  about  regularity  can  ba 
aade,  but  they  do  not  offer  essential  improvements  over  tha  infornetion  above  and  wa 
oeit  then  here.  Likewise,  conditions  like  Kobayaahi's  criterion  can  ba  used  to  replace 
a-accretivity  of  A  ♦  Ml  in  tha  case  (  ■  0  to  deduce  results  like  Corollary  1. 
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A  question  related  to  the  regularity  consideration*  above  is  the  following)  Since 
the  only  known  strong  solutions  are  the  constants  in  general,  are  they  enough  to 
determine  (soatehow)  the  class  of  all  aild  solutions?  Another  motivation  for  this 
question  is  the  observation  that  the  definition  of  a  aild  solution  is  not  very 
"checkable".  That  is,  given  a  function  u,  how  can  we  tell  if  it  is  a  aild  solution  of 
u*  ♦  Au  3  f?  In  general,  we  cannot  siaply  compute  u*  and  see  if  the  relation  is 
satisfied.  Since  y  S  Ax  implies  u  ■  x  solves  u*  ♦  Au  3  y,  we  know  by  theorem  3  that 
any  mild  solution  of  u*  ♦  Au  3  f  satisfies 

(6,2) lu(t)  -  xl  <  e“<t-,,lu(s)-xl+Jte“<t"t>(u(T)-x,f(T)-yldT  for  0<s<t«T. 

s 

for  y  e  Ax.  In  fact,  this  family  of  inequalities  can  be  taken  to  define  a  classn  of 
solutions  called  integral  solutions.  However,  as  opposed  to  aild  solutions,  the  notion 
depends  on  the  norm  of  1  via  the  bracket  and  is  appropriate  only  if  A  8  A(ut). 

Moreover,  it  is  not  a  good  notion  in  general  in  the  sense  that  it  ia  easier  to  be  an 
integral  solution  for  a  restriction  of  A  than  for  A  itself.  However,  it  is  a 
uniqueness  criterion  provided  aild  solutions  are  known  to  exist  (which  guarantees  that 
A  is  "big  enough"  for  the  notion  to  be  satisfactory).  More  precisely) 

Theorem  5,  let  A  6  A(u),  f  e  i^tO.T)*)  and  v  be  a  aild  solution  of  v'  t  »v  3  f  a 
[0 ,T] ,  If  u  S  C[0,T>X]  satisfies  (6,2)  for  every  y  S  Ax  and  u(0)  »  v(0),  than  v  ■  u. 

Hence  if  the  existence  of  a  aild  solution  is  known,  then  one  can  determine  if  a 
given  function  is  this  aild  solution  or  not  according  as  to  whether  or  not  the 
relations  (6.2)  hold. 

Section  7.  Auxiliary  Results >  Continuity,  Trotter  Products  and  Compactness 

In  this  section  we  formulate  a  variety  of  auxiliary  results  in  the  subject  which 
give  additional  useful  information,  first  among  these  addresses  the  problaa  of  the 
dependence  of  the  solution  of 

(IVPJx.f  u'  +  Au  3  f,  u(0 )  -  X, 

on  A.  In  order  to  formulate  the  results  in  a  multivalued  generality  we  recall  the 


notion  of  the  limit  Inferior  of  a  sequence  An  of  operators,  nie  operator  lim  inf  is 
defined  by  y  6  lim  inf  Anx  if  and  only  if  there  is  a  sequence  yn  8  Anxn  such  that 
xn  ♦  x  and  yn  *  y.  We  will  meet  the  condition  A  C  lim  inf  k^  below,  and  it  will  make 
things  a  bit  clearer  if  we  recall  the  following  equivalent  condition  in  the  m-accretive 
case. 

Proposition  7.  Let  k^  +  ail  be  m-accretive  for  n  «■  1,2,...,“  (with  “  explicitly 
included).  Then  km  C  lim  inf  An  if  and  only  if 

(7.1)  lim  (I  +  XA  )-1x  -  (I  +  XA  )_1x  for  x  6  X 

n~  n 

for  X  >  0  and  Xu  <  1.  Moreover,  (7.1)  holds  for  all  such  X  if  it  holds  tor  one  such 
X. 

We  call  the  condition  (7.1)  "resolvent  convergence".  Mow  let  us  formulate  the 
continuous  dependence  theorem  in  some  generality. 

Theorem  6.  Let  6  A(u),  f„  8  L^O.TjX)  for  n  -  1,2,..,“.  Let  be  a  mild  solution 

of  “n  +  ^“n  ^  {n  on  for  n  *  1,2, ...,».  Let  A.  £  lim  inf  A„  and 

T 

lim  I  If  <t)  -  f  (t)ldt  +  lu  (0)  -  u  (0 ) I  -  0. 
n~  0  n  n 

Then  u„  *  u„  uniformly  on  [0,T] . 

This  result,  in  the  m-accretive  case,  says  that  if  intitial  data  converge,  the 
forcing  terms  converge  in  L^O.TzX),  and  the  resolvents  of  the  An  converge,  then  the 
solutions  converge.  More  generally,  it  makes  the  same  claim  provided  only  that  the 
solutions  exist.  The  method  of  proof  involves  observing  that,  by  definition, 

A.  £  lim  inf  An  implies  that  given  any  neighborhood  of  an  aproximate  solution  of  u,  + 
A.u.  9  f„  then  for  n  large  enough  we  can  find  an  approximate  solution  of  u„  +  Anun  9  fn 
in  this  neighborhood  and  then  using  the  estimates  in  the  proof  of  the  convergence 
theorem.  The  utility  of  such  a  result  is  clear.  For  example,  one  may  use  it  to  prove 
the  approximation  result  described  next.  If  A  +  XI  is  m-accretive  we  may  define  the 
Yosida  approximation  An  of  A  for  small  n  >  0  by  A^  “  n”1 (I  -  (I  +  nA)-1).  Clearly  A^ 


it  Lipschitz  continuoua  with  an*1  tt  a  Lipzchitz  constant  and  it  it  taay  to  mmm  that 
A^  +  w/(1  -  tko)I  la  accretive.  Since,  aa  tha  raadar  could  check,  (X  ♦  XA^)”1  ♦  (X  ♦ 
XA)-1  aa  n  ♦  0,  tha  continuoua  dapandanca  thaoraai  iapliea  that  tha  aolutlon  of 
+  A^un  -  f ,  un(0)  -  x  convergea  uniformly  to  tha  aolutlon  u  of  tha  correapondlng 

problaai  with  A  raplacing  A^  aa  n  ♦  0.  Sinca  A^  ia  Lipachita  continuoua,  thie  la  a 

natural  way  to  approximate  u  by  regular  functiona  in  a  faahion  oloaaly  related  to  tha 
original  problem. 

Another  aort  of  raault  of  wide  applicability  can  be  motivated  aa  followai  Suppoae 
wa  want  to  aolva 

(7.2)  u'  ♦  Au  ♦  Bu  -  0,  u(0)  ■  x, 

and  that  wa  know  tha  aolutiona  of  tha  Cauchy  problame  for  tha  aeparata  aquationa 

(7.3)  u'  +  Au  ■  0,  v*  ♦  Bv  ■  0, 

in  tha  form  of  the  aemigroupa  SA  and  Sg  and  that  A  and  B  ara  functiona.  Aaauming  a 

large  (and  totally  unreaaonabla)  amount  of  regularity  one  conputee 

dt8A,t,8B<t,x|t-0  *  **  +  ■“* 

That  ia,  lnfiniteaimally  F(t)  ■  SA(t)8B(t)  looka  like  Sg^gCt)  ahould  look.  Moreover, 
F(t)x  ia  wall  behaved  aa  a  function  of  x.  Can  wo  not  than  repraaant  SA+B  in  tarma  of 
F(t)?  One  haa  tha  following  theorem  to  thia  affect i 

Theorem  7.  Let  A  •  A(u)  aatlafy  tha  range  condition  (3.24)  and  C  ■  D(A)  be  convex. 

For  each  t  >  0  let  F(t)iC  ♦  C  and  F  aatiafyi 

(1)  IF(t)x  -  F(t)yl  <  aLtlx  -  yl  for  x,  y  •  C  and  0  <  t  <  1. 

(il)  lim  (X  +  XF(t))_1x  -  (X  ♦  XA)-1x  for  x  •  C  and  1  >  0,  X*ax(w,X>)  <  1. 

t«> 

Than  for  each  x  S  C,  8.  ( t ) x  -  lim  F(t/n)nx  uniformly  on  oompact  t-aata. 

n-*« 

It  ia  part  of  the  proof  that  tha  lnvaraaa  used  in  (il)  axlat.  Thia  raault  appllaa 
in  tha  "A  +  B"  oaaa  above  provided  that  one  can  verify  tha  reaolvent  condition  (li) 
given  A  and  B.  In  thia  event,  tha  conclualon  ia  called  a  "Trotter  product*  formula. 
However,  there  ara  many  other  circumatancaa  under  which  me  can  verify  the  hypothesea 


of  the  theorem.  Thm  proof  consist*  of  using  the  estiastes  of  the  convergence  theorem 
together  with  another  interesting  approximation  result,  which  we  state  for  interest's 
sake  in  a  special  case. 

Proposition  8.  Let  C  C  X  be  closed,  PiC  ♦  C  be  nonexpansive  and  h  >  0.  If  the 
initial-value  problem 

u'  ♦  h_1(I  -  F)u  -  0,  u(0)  -  x  6  C 
has  a  wild  solution  on  [0,T],  then 

IFbx  -  u(t ) I  <  2lx  -  si  ♦  (<n  -  |  )2  +  n) fa  lx  -  Pel 
holds  for  every  s  8  C,  0  <  n  and  0  <  t<  T.  In  particular,  choosing  x  «■  s  and  t  •  nh  we 
have 

IFax  -  u(nh)l  <  /nix  -  Fxl. 

The  last  sort  of  auxiliary  result  we  discuss  here  concerns  compactness •  We  fix  an 
operator  A  with  A  ♦  <*I  n-accretive  and  oonsider  the  initial-value  problem 
<IVP)x,f  ♦  An  3  f.  u(0)  -  x, 

whose  mild  solution  u  we  denote  by  B(x,f).  If  f  -  0,  then  u(t)  -  B(x,0)(t)  -  8A(t)x 
where  8*  is  the  semigroup  generated  by  -A,  and  we  will  use  this  notation  below.  We  ask 
when  the  images  of  various  sets  under  I  are  coapact  in  various  senses.  The  simplest 
question  concerns  the  semigroup  case.  A  function  in  X  is  called  coapact  if  it  maps 
bounded  subsets  of  its  domain  into  prec aspect  sets  in  X  and  a  semigroup  S  is  compact  if 
each  s(t)  is  compact  tor  t  >  0. 

Theorem  8.  let  A  ♦  ml  be  m-accretlve  and  8  the  Bead  group  on  D(A)  generated  by  -A. 

Then  S(t)  is  compact  if  and  only  if  the  following  two  conditions  are  satisfiedi 

(i)  For  each  small  1  >  0  the  operator  is  compact. 

(ii)  For  each  bounded  subset  B  of  0(A)  and  a  >  0 

lim  S(t)x  ”  S(s)x  holds  uniformly  for  x  8  B. 
t-*s 

In  applications  to  partial  differential  equations,  compactness  of  S(t)  tends  to 
arise  from  regularising  properties,  that  is  S(t)x  will  lie  in  a  more  regular  class  of 
functions  for  t  >  0  than  at  t  ■  0.  Another  sort  of  compactness  one  is  interested  in  is 
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the  compact ness  of  the  tre factory 

tr(x)  -  (8<x,f)<t)«  0  <  t} 

of  the  solution  of  (IVP)X(£.  Compactness  of  trajactoriaa  is  ussful  in  making  dynamical 
systans  typs  arguments  concerning  the  asymptotic  behaviour  of  u.  Concerning  this 
property  one  hast 

Theorem  9.  Let  A  be  m-accretive,  0  6  IMA),  f  6  L^([0,m)iX)  and  x  6  D(A).  In  addition, 
let  (I  +  XA)"1  be  compact  for  boom  X  >  0.  Than  tr(x)  is  precompact. 

The  first  conditions  in  the  Theorem  guarantee  that  tr(x)  is  bounded  and  the  compactness 
comes  from  the  assumption  on  Jy 


I 

i 

I 

i 


Next  we  look  at  the  solution  operator  for  (I VP)  and  consider  When  it  is  compact  as 
a  function  of  f  for  fixed  x  6  D(A).  There  arises  the  question  of  what  topologiaa  to 
use  in  the  domain  and  range  apace  hare,  and  the  next  result  contains  an  answer. 

Theorem  10.  Let  A  +  uX  be  m-accretive  and  8(t)  be  the  semigroup  generated  by  “A.  Fix 
x  6  0(A)  and  p  >  1,  Let  Q«lP<0,TiX)  ♦  C[0,TtX]  be  given  by 

Q(f)  -  B(x,f).  If  S(t)  is  a  compact  semigroup,  then  Q  is  a  compact  operator. 

This  result  is  unsatisfactory  in  that  it  does  not  allow  the  natural  generality  of 
f  8  L1(0,TiX).  It  is  possible  to  treat  this  case  if  we  are  willing  to  weaken  our 
requirements  in  the  range  space.  Moreover,  we  can  then  vary  x  as  well. 

Theorem  11.  Under  the  assumptions  of  Theorem  10,  if  8(t)  is  a  compact  semigroup  then 
the  solution  operator  8  is  compact  as  a  mapping 

BtDOOxL1  <0,T:X)  +  LP(0,T:X) 

for  1  <  p  <  «•. 

Section  8.  Comswnts  and  References 

In  this  section  we  amplify  on  the  main  text  a  bit  and  provide  some  basic 
references  for  the  interested  reader.  No  attempt  has  been  mads  to  be  complete,  and 
nothing  like  completeness  has  been  achieved.  However,  the  references  we  do  quote 
together  with  the  references  they  contain  should  suffice  to  accurately  represent  the 
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situation,  bat  us  begin  by  noting  that  thsrs  ars  several  boohs  in  the  general  area. 

The  theory  in  Hilbert  spaces  is  well  developed  in  Bresis  (1?].  The  general  case  is 
treated  in  Da  Prato  [36],  Barbu  {5]  and  Pavel  [72],  [73].  The  boohs  of  Martin  [64]  and 
Browder  [24]  also  treat  aspects  of  the  theory.  The  references  provided  by  these  worhs 
are  not  subsumed  here  and  the  reader  will  find  many  applications  to  partial 
differential  equations  in  Barbu's  booh. 

On  Ssction  1.  Early  attempts  to  represent  nonexpansive  semigroups  wers  aade  by 
Neuberger  [69],  Oharu  [70]  and  Koaaira  [59],  [60].  Komura's  dramatic  ideas  were  a  aain 
stimulus  for  the  rapid  development  which  followed  (e.g. ,  Kato  [49],  [50],  Crandall  and 
Pasy  [34],  Dorroh  [41]  and  Browder  [23]). 

The  brachet  [  ,  ]  and  the  duality  nap  J  are  well  known  in  functional  analysis. 
However,  nomenclature  and  notation  are  inconsistent.  For  example,  in  Reich  [87]  of 
this  volume,  J(x)  denotes  what  would  be  written  lxlj(x)  in  our  notation.  8ato  [88] 
provides  specific  computations  of  the  duality  map,  but  the  reader  can  work  out  what  J 
and  [  ,  ]  are  for  the  common  spaces.  Workers  in  this  subject  learned  Proposition  1 
(ix)  in  Kato  [49].  If  J  is  not  single-valued,  a  stronger  condition  than  Definition  1 
(iii)  arises  when  the  conclusion  is  required  to  hold  for  all  x*8  J(x  -  x).  An  operator 
with  this  property  is  sometimes  called  s-accretivs  (or  "Browder  accretive",  sinoa  this 
notion  was  taken  to  define  accretive  in  Browder  [23]).  If  J  is  single-valued  on  */{o} 
the  notions  coincide.  Interest  in  s-accretivity  arises  from  facts  like  A  +  B  is 
accretive  whenever  A  and  B  are  and  at  least  one  of  them  is  s-accretive. 

Kootura  [59]  is  scawtisms  cited  in  this  subject  for  a  proof  of  the  fact  that  if  X 
is  reflexive  and  ft [0,T]  ♦  x  is  Lipschitx  continuous,  then  f  €  w1' 1(0,TiX),  but 
theorems  of  Radon  -  Hikodym  type  for  reflexive  spaces  were  already  proved  by 
fhillips  [77]  and  Dunford  and  Pettis  [42].  Reflexive  spaces  are  but  examples  of  spaces 
with  the  Radon  -  Nikodym  property. 

On  8ectlon  2. 

The  notion  of  a  mild  solution  is  already  suggested  in  Crandall  and  Liggett  [32], 
although  it  was  too  early  at  that  time  to  institutionalize  the  idea.  The  term  "mild" 
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appaara  in  Browder  [21]  in  another  contaxt  ,  bat  in  a  way  oonaiatant  with  our  usage. 

Tha  notation  and  presentation  hara  ara  taken  from  [13],  but  variants  of  this  natural 
idaa  appeared  in  various  plaeas  (undar  various  names),  a.  9.  KanaootU  and  Charu  [52], 
Kobayaehi  [S3] ,  and  Pierre  [78] .  Thara  ara  aany  questions  oaa  can  ask  about  aild 
solutions  which  hava  not  baan  sarioualy  approachad.  Por  example,  it  ia  known  that  a 
aild  solution  in  tha  currant  Sanaa  cannot  nacassarily  bn  approximated  by  solutions  of 
disoratisationa  with  uniform  stspa  -  but  it  is  not  known  if  this  is  trua  whan,  a. 9. ,  a 
is  aoorativa.  It  ia  known  that  if  f  -  0  and  X  -  It  and  A  is  aoorativa,  th m  uniform 
stapa  ara  anough.  (Unpublished  rasults  of  Crandall  and  Pierre) .  In  aoat  applications 
thaaa  isauaa  ara  not  sarious,  as  X  ia  aithar  a-accrativa  or  satisfiaa  a  variant  of  tha 
ranga  condition  (3.22).  R«  Martin  [83]  provad  that  eontinuous  aoorativa  oparators  ara 
a  -  aoorativa. 

ft  i>  also  known  that  aild  solutions  dafinad,  as  wa  hava  dona,  in  tha  hplielt  way 
(2.6)  (i.a. ,  x  is  avaluatad  at  vt)  diffar  from  thosa  dafinad  in  tha  axplioit  way  in 
idiioh  Av1  ia  replaaed  bf  *v1_1  in  (2.6).  Xndaad,  it  is  assy  to  aaa  that  u(t)  is  tha 
liait  of  solutions  of  explicit  approxiaations  of  u*  ♦  Xu  9  0  iff  v(t)  -  u(-t)  ia  a  aild 
solution  of  v'  +  xv  3  0.  Tha  case  of  a  single  conservation  law,  a  partial  differential 
agnation  whose  relevant  solutions  ara  not  reversible  and  which  can  bo  aeeeandatad  in 
tha  theory  ([29])  provides  a  significant  counter axaapla ■  Proposition  3  is  selected 
from  [13]. 

tha  notion  of  a  "strong  solution"  is  standard,  but  erase  times  people  prefer  to 
weaken  it  to  require  tha  continuity  of  tha  solution  on  [0,T]  and  what  wa  hava  called  a 
strong  solution  on  [c,T]  for  each  c  >  0.  this  accomodates  aors  examples  and  still 
allows  one  to  do  "calculus"  without  undue  worry  about  tha  validity  of  tha 
manipulations. 

Xxaaplas  of  badly  behaved  nonlinear  semigroups  occur  in  [32],  Plant  [82]  and  Webb 
[92,93],  but  aild  solutions  which  are  not  strong  solutions  ara  familiar  even  in  tha 
linear  theory  whan  Initial  data  do  not  lie  in  D(A)  or  f  is  not  sufficiently  regular  (in 
which  case  tha  variation  of  parameters  formula  typically  provides  such  solutions). 
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On  Section  3 


The  first  proof  that  solutions  of  diffsrsncs  approximations  converge  (in  s  mors 
restricted  contsxt,  but  with  general  X)  was  in  [32].  Rasmusssn  [83]  providsd  a  ussful 
proof.  Takahashi  [89]  gave  a  more  general  convergence  proof  with  variabls  stops. 
Benilan  [7]  proved  tha  existence  and  uniqueness  of  aild  solutions  for 

u*  ♦  Au  3  f  when  A  is  m-accretive.  The  existence  also  follows  from  results  of  Crandall 
and  Pasy  [35]. 

The  full  Theorem  1  was  first  proved  in  Crandall  and  Ivans  [31]  by  the  fun  method 
sketched  here.  One  finds  appropriate  error  estimates  in  [31]  as  well.  The  result  in 
the  case  f  -  0  was  Obtained  by  Y.  Kobayashi  [53]  who  formulated  his  results  for  quasi- 
accretive  operators,  a  notion  which  generalizes  the  accretive  case  and  which  was 
introduced  by  Takahashi  [89],  but  for  which  significant  nonaccretive  examples  are 
lacking.  Kobayashi 1  s  method  was  different  (and  simpler)  in  the  case  f  **  0,  but  it 
becomes  more  complex  in  the  general  case.  See  also  Takahashi  [89],  [90].  The  reader 
may  consult  K.  Kobayasi  [56]  and  K.  Kobayasi,  Y.  Kobayashi,  and  S.  Oharu  [57]  for  even 
more  general  results  by  this  method. 

Indeed,  there  are  a  variety  of  generalisations  of  the  above  to  time  dependent 
equations  of  the  form  u'  +  A(t)u  9  f,  although  it  is  not  easy  to  be  satisfied  with  any 
particular  set  of  technicalitites  or  definitions  in  this  case  (as  is  already  true  in 
the  linear  setting).  We  mention  that  Kato  [50]  and  Crandall  and  Liggett  [32]  already 
allowed  some  time  dependence,  while  Crandall  and  Pasy  [35]  is  more  general.  Tha  case 
of  "integrable"  tine  dependence  was  handled  in  Evans  [43]  using  the  results  of  [31]  (in 
essence.  Theorem  2),  and  there  is  also  the  elegant  and  different  approach  of  Pierre 
[79] .  The  recent  works  [57] ,  which  was  mentioned  above,  Iwayami,  Oharu  and  Takahashi 
[47],  and  K.  Kobayasi  and  8.  Oharu  [58]  extend  the  theory  in  various  significant 
ways.  It  would  be  interesting  to  know  the  precise  relationship  between  the  convergence 
assertions  in  these  works  and  Theorem  2. 
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On  section  4. 

The  theory  of  Kato  referred  to  ie  the  simplest  context  described  in  hie  survey 
[51]  in  this  volume,  and  we  refer  the  reader  to  this  paper  for  appropriate 
references*  The  relationship  with  the  nonlinear  theory  sketched  here  is  noted  in 
Crandall  and  Souganidie  [37],  and  can  be  greatly  generalised.  See  also  Hasan  [46]  in 
this  regard.  If  the  assumptions  of  this  Section  are  strengthened  by  requiring  the 
existence  of  an  operator  StY  ♦  X  with  the  properties  described  in  [51],  then  the 
conclusions  of  this  Section  can  be  strengthened  to  assert  that  the  difference 
approximations  converge  in  the  strong  topology  of  Y  uniformly  in  t  and  the  proof  can  be 
adapted  to  prove  the  continuity  of  the  solution  as  a  Y-valued  function  (and  the 
aseumption  (b3)  dropped).  This  is  done  in  Crandall  and  Souganidis  [38].  Another  work, 
which  is  in  a  more  preliminary  stage,  extends  these  reeults  to  the  variable  norm 
eetting  explained  in  Kato's  article  in  this  volume. 

On  Section  5. 

The  reeult  (1)  ie  due  to  Benilan  [7].  The  result  (ii)  follows  from  Crandall  and 
Liggett  [32].  The  biunique  correspondence  of  (ill)  wae  proved  by  Crandall  and  Pasy 
[34].  The  existence  of  an  m-accretive  A  such  that  S  ■  SA  in  Hilbert  spaces  in  this 
generality  involvea  Minty's  theorem,  which  essentially  states  the  equivalence  of 
"maximal  monotone"  and  "m-accretive"  in  Hilbert  spaces,  and  this  result  fails  in 
general.  (See  Crandall  and  Liggett  [33]  and  Calvert  [27] . ) 

The  idea  to  obtain  A  via  (5.11)  ie  Komura's  ([60]),  and  so  is  the  first  proof  of 
the  exietence  of  this  limit  in  Hilbert  spaces.  This  result  was  the  hardest  step  in  the 
proof  of  (Hi).  New  ideas  had  to  be  introduced  to  extend  this  convergence  result 
outside  of  Hilbert  spaces,  and  this  was  done  by  Baillon  [3].  Reich  sharpened  this  line 
of  the  theory,  and  (iv)  can  be  found  in  [84].  We  refer  to  Reich  [85,86]  for  further 
references  and  discussion.  See  also  [87],  Theorem  1.6.  By  the  way,  the  reeults  of 
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[33]  to  th«  affect  that  the  limit  (5.11)  always  exist  if  X  is  two  dimensional  hut  may 
fail  to  exist  if  X  is  three  dimensional  show  that  the  success  of  this  approach  must 
involve  geometrical  considerations. 

The  sufficiency  of  Kobayashi's  criterion  (5.2)  for  the  solvability  of  (5.3)  was  a 
fascinating  result  of  [53].  This  result  allowed  very  slick  proofs  of  m-acccretivity  if 
operators  of  the  form  A  +  B  where  A  is  m-accretive  and  B  is  continuous  and  accretive, 
generalising  results  of  Martin  [63],  Webb  [93],  and  Barbu  [6].  The  equivalence  of 
(5.2)  and  (5.4)  is  remarked  in  [30].  Numerous  people,  including  Kaplan  and  Yorke  [48] 
and  Takahashi  [89] ,  contributed  to  the  development  of  this  line  of  thought  .  The 
sufficiency  of  (b)  is  an  unpublished  result  of  Y.  Kobayashi.  Be  also  shows  (b)  is 
equivalent  to  another  condition  related  to  the  sufficient  conditions  of  Pierre  [80]. 
one  also  finds  examples  indicating  the  distinction  between  various  conditions  in  [80]. 
Section  6. 

The  results  on  regularity  of  mild  solutions  we  will  regard  as  being  "from  the 
community ■,  but  let  us  mention  that  the  main  facts  were  not  so  obvious  in  the 
beginning.  It  was  mentioned  in  Section  2  that  a  strong  solution  is  a  mild  solution  - 
this  is  not  entirely  obvious.  Theorem  4  is  the  heart  of  results  in  the  other  direction 
-  it  implies  that  differentiable  mild  solutions  satisfy  the  equation  pointwise  if  A  is 
"big  enough"  in  the  sense  that  the  operator  of  (6.1)  cannot  properly  extend  A  (and  so 
mild  solutions  are  strong  if  they  are  regular  enough).  Theorem  5  is  a  simple  version 
of  Benilan's  uniqueness  theorem  ([7]). 

Section  7. 

Theorem  6,  in  this  general  formulation,  may  not  appear  in  the  literature.  (He  are 
using  a  formulation  from  [13]).  See,  however,  Miyadera  and  Kobayashi  [66],  and  results 
in  this  spirit  in  general  Banach  spaces  go  back  to  Benilan  [7],  Brezis  and  Pazy  [20], 
Kurtz  [62]  and  Goldstein  [45].  ?or  examples  of  substantial  applications  of  this  result 
in  pde  see,  e.g.,  Benilan  and  Crandall  [10]  or  Kenmochi  and  Oharu  [52]. 


Theorem  7,  the  conclusion  of  which  is  called  the  nonlinear  Chernoff  formula,  is 
due  to  Bresis  and  Pasy  [20] .  An  earlier  version  and  Proposition  8  are  due  to  Miyader a 
and  Ohara  [68].  Theorem  7  has  many  applications  in  pde  -  see,  e.g.,  Berger,  Bresis  and 
Rogers  [16],  Coron  [28],  Kenmochi  and  Oharu  [52],  and  Oharu  and  Kobayasi  [58].  There 
has  been  a  fair  amount  of  recent  activity  concerning  results  of  this  general  type  in 
special  circumstances.  See,  e.g.,  Benilan  and  Ismail  [15],  Reich  [85,86],  Kobayaahi 
[54],  [55]  and  their  references.  M.  Pierre  [81]  has  recently  obtained  quite 
interesting  results  (both  positive  and  negative)  on  the  validity  of  more  general 
formulae  involving  nonuniform  steps. 

One  can  ask  to  what  extent  the  indications  in  Theorems  6  and  7  are  reversible  and 
be  led  thereby  to  the  question  of  convergence  versus  resolvent  consistency.  Since  the 
conclusion  of  Theorem  7  always  holds  if  F(t>  -  S(t),  this  links  up  with  the  problem  of 
the  existence  of  the  limit  (5.1).  See  Reich  [86]  for  recent  results  and  references. 

The  various  compactness  results  are  proved  in  Bresis  [18],  Dafermos  and  slemrod 
[39]  and  Baras  [4].  See  Konishi  [61]  for  an  early  result  of  this  type  and  Bresis  and 
Friedswn  [19]  for  an  application  in  pde. 


Asymptotic  Behaviour. 

We  have  ommitted  the  topic  of  asymptotic  behaviour.  The  works  of  Brack  [25]  and 
Baillon  [2]  stimulated  a  large  amount  of  subsequent  work  on  these  lines  of  research, 
and  the  area  remains  quite  active.  The  survey  article  Brack  [26]  is  a  recent  source  on 
this  topic  and  we  refer  the  reader  to  it.  Other  recent  sources  on  aspects  of  this 
question  include  Pasy  [74] ,  [75]  ,  [76] ,  Reich  [87] ,  Miyader a  [65] ,  and  -  in  a  somewhat 
different  vein  -  Alikakos  and  Rostamian  [1]. 

Regularising  Effects.  A  final  topic  we  mention  is  that  of  regularising  effects.  These 
concern  questions  of  regularity  -  interpreted  in  various  ways  -  of  S(t)x  for  t  >  0  that 
x  itself  may  not  enjoy.  There  is  no  general  theory  available  yet,  but  the  phenomenon 
is  widespread  and  of  considerable  interest  when  it  is  present.  On  the  abstract  side, 
the  best  known  examples  are  the  regularising  effects  of  linear  analytic  semigroups  and 
semigroups  generated  by  subdifferentials  of  convex  functions  in  Hilbert  spaces  (see 
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